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Abstract 

This note is a response to one of problems posed by A.K. Kwasniewski 
in [TJ. Namely with {P n }n>o being the sequence of finite cobweb 
subposets, the looked for explicit formulas for corresponding sequence 
{Xn(t)} n >o of P„'s characteristic polynomials are discovered and deliv- 
ered here. The recurrence relation defining arbitrary family {Xn(t)} n >o 
is also derived. 
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1 Cobweb posets 

The family of the so called cobweb posets II has been invented by A.K. Kwasniewski 
few years ago (for references see: [5J [B]). These structures are such a generalization 
of the Fibonacci tree growth that allows joint combinatorial interpretation for all 
of them under the admissibility condition (see [HIE])- 

Let {F n } n >Q be a natural numbers valued sequence with Fq = 1 (with Fq = 
being exceptional as in case of Fibonacci numbers). Any sequence satisfying this 
property uniquely designates cobweb poset defined as follows. 
For s e N = N U {0} let us to define levels of II: 

*. = {(3,s), l<j<F s }, 

(in case of Fo — level $o corresponds to the empty root {0}). ) 
Then 
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Definition 1.1. Corresponding cobweb poset is an infinite partially ordered set 
II = (V, <), where 

V=\J* S 

0<s 

are the elements ( vertices ) of II and the partial order relation < on V for x = 
(s, t),y — (u, v) being elements of cobweb poset II is defined by formula 

(x < P y) ^=> [(t < v) V (t = v A s = it)]. 

Obviously any cobweb poset can be represented, via its Hasse diagram, as infinite 
directed graf II = (V, E), where set V of its vertices is defined as above and 

25 = {(<7,P>,<g,(p + l)»} U {((1,0), (1,1))}, 

where 1 < j < F p and 1 < q < F( P +i) stays for set of (directed) edges. 
For example the Hasse diagram of Fibonacci cobweb poset designated by the famous 
Fibonacci sequence is presented below. 

and so - up 

F 6 =8«» • « • « • • 



and so - up 




F o =0 

Fig. 1. The construction of the Fibonacci cobweb poset 
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The Kwasniewski cobweb posets under consideration represented by graphs are ex- 
amples of oderable directed acyclic graphs (oDAG) which we start to call from now 
in brief: KoDAGs. These are structures of universal importance for the whole of 
mathematics - in particular for discrete '"mathemagics"' http://ii.uwb.edu.pl/akk/ 



] and computer sciences in general (quotation from [TJ, [5] ) : 

For any given natural numbers valued sequence the graded (layered) 
cobweb posets' DAGs are equivalently representations of a chain of bi- 
nary relations. Every relation of the cobweb poset chain is biunivocally 
represented by the uniquely designated complete bipartite digraph-a 
digraph which is a di-biclique designated by the very given sequence. 
The cobweb poset is then to be identified with a chain of di-bicliqucs 
i.e. by definition - a chain of complete bipartite one direction digraphs. 
Any chain of relations is therefore obtainable from the cobweb poset 
chainof complete relations via deleting arcs (arrows) in di-bicliques. 
Let us underline it again : any chain of relations is obtainable from 
the cobweb poset chain of complete relations via deleting arcs in di- 
bicliques of the complete relations chain. For that to see note that any 
relation Rk as a subset of Ak x Ak+i is represented by a one-direction 
bipartite digraph Dk- A "complete relation" Ck by definition is identi- 
fied with its one direction di-biclique graph d — Bk ■ Any Rk is a subset 
of Ck- Correspondingly one direction digraph Dk is a subgraph of an 
one direction digraph of d — Bk ■ 

The one direction digraph of d — Bk is called since now on the di- 
biclique i.e. by definition - a complete bipartite one direction di- 
graph. Another words: cobweb poset defining di-bicliques are links of 
a complete relations' chain. 

According to the definition above arbitrary cobweb poset II = (V, <) is a graded 
poset ( ranked poset) and for s G No: 

x G $ s — > r(x) = s, 

where r : II — > No is a rank function on II. 

Let us then define Kwasniewski finite cobweb sub-posets as follows 

Definition 1.2. Let P n = (V n ,<), (n > 0), for V n = [J $ s and < being the 

0<s<n 

induced partial order relation on II. 

Its easy to see that P n is ranked poset with rank function r as above. P n has a 
unique minimal element = (1, 0} ( with r(0) = 0). Moreover II and all P n s satisfy 
the Jordan chain condition and the length of P n is l(P n ) = f(P n ) = n for n > 0. 
For finite graded poset P one can define (see [T]) Whitney numbers of the first and 
second kind Wk{P) and Wk(P) respectively as follows 

MP)= Yl 

xGP, r(x)—k 
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x£P, r(x)—k 

where fj, stays for Mobius function of P indispensable in numerous inversion type 

formulas of countless applications (see [Tl 151 ITTl IT21 [T5] ) . 

Then the characteristic polynomial of P [5J EU HH H3] is the polynomial 

n 

XP (t) = Ko,x)t n ~ r(x) = J2MP)t n ' k , 

xGP k=Q 

where n = l(P). 

Here next we answer the question posed by A.K.Kwasniewski in the source paper 
for the problem in question [7]. 

Let {-P n }n>o be the sequence of finite cobweb subposets (■■■)■ What 
is the form and properties of {P n }n>o's characteristic polynomials 
{/9„(A)}„>o? (■■■) What are recurrence relations defining the family 

{ P n(X)}n>0? 

2 Whitney numbers of cobweb posets 

Obviously for arbitrary cobweb poset IT and for all its finite subposets P n , (n > 0) 
one has: 

W k (Tl)=F k , k>0, (1) 

where {F n } n >o is a natural numbers valued sequence uniquely designating II. 
Now let us consider the corresponding numbers u>k(Jl). The explicite formula for 
Mobius function of the Fibonacci cobweb poset uniquely designated by the Fi- 
bonacci sequence was derived by the present author in [2J [3] . It can be easy extend 
to the hole family of cobweb posets and their finite subposets P n , (n > 0),@]. More- 
over, by the use of notion of the standard reduced incidence algebra i?(n), (see [1]) 
one can show, that for x G II the value //(0, x) depends on r(x) only. So for x as 
above we have: 

/i(0, x) = /i(r(0), r(x)) = M (0, r(x)) = M (r(x)). (2) 

Moreover 

r(x) — l 

Mo,z) = M^)) = (-i) r(x) n ( 3 ) 

»=1 

Then 

Proposition 2.1. For arbitrary cobweb poset H and for all its finite subposets P n , 
(n > 0) corresponding Whitney numbers of the first kind are given by the formulas: 
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for k > 

{xell : r(x)=k} 

(4) 

- F k -(-l) k - 11(^-1) 

i=l 

and 

tuo(n) = 1. (5) 

3 The characteristic polynomials of finite cobweb 
posets 

The knowledge of Whitney numbers w k (P n ), enables us to construct the character- 
istic polynomials for all P n , ( n > 0). Let us recall the formula defining Xn{t)'- 

n 

XP n (t) = E MO,a0t n - r(a ° =5>fc(* > n)* n " fc - 

tfP„ fc=0 

Using the above formulas one has 

Theorem 3.1. The characteristic polynomials Xp„(*); ( n > ®) are given by the 
following explicit formula: 

n k—1 

XP n (t) = Xn(t) = x n + J2(-l) k F k - 1 ) xn ~ k - ( 6 ) 

fc=l i=l 

Moreover, as in case of Fibonacci cobweb poset, the following holds: 

Corollary 3.1. Let {F n } n > be the sequence designating the cobweb poset II (and 
all corresponding sub-posets P n ). In the case F\ = 1 ( or equivalently |$i| = 1) one 
has 

Xn (t) = t n -e- 1 (7) 

for n > 1 and 

Xo(t) = 1. (8) 

Corollary 3.2. Let {F n } n > be the sequence designating the cobweb poset II (and 
all corresponding sub-posets P n ). Then the sequence {Xn{t)} n >o of {P n } n >o 's char- 
acteristic polynomials is defined by the following recurrence relation 

Xo(*) = l, X i(t)=t-F 1 (9) 

Xn (t) =t Xn -i(t) + (-l) n F„(F n _i - l)(F n _ 2 - - 1), n>2. (10) 
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Example 3.1. Let the sequence of finite cobweb posets {P n }n>o be designated by 
the sequence {F n } n > such that F„ = n + 1 (i.e. by the sequence N of natural 
numbers). The examples of corresponding characteristic polynomials are: 

Xo(t) = 1, 

Xi(t) = t-2, 

X 2 (t) = t 2 - 2t + 4, 

Xa(t) = t 3 - 2t 2 + 4t - 18, 

Xi{t) = t 4 - 2i 3 + At 2 - 18t + 120, 

Xb \t) = t 5 - 2t 4 + 4t 3 - 18t 2 + 120t - 1050, 

X5 (t) = t 6 - 2t 5 + At 4 - 18< 3 + 120i 2 - 1050t + 11340. 

Example 3.2. Let the sequence of finite cobweb posets {P n }n>o be designated by 
the sequence {-F n }n>o such that F\ — 1 and F n = 2n + 1 for n > 1. The examples 
of corresponding characteristic polynomials are: 

Xo{t) = 1, 

Xi(*)=t-3, 

X2 (t) = -3t+ 10, 

X3 (i) = t 3 - it 2 + lOt - 56, 

Xi(t) = t 4 - M 3 + 10t 2 - 56t + 432, 

X5(t) = t 5 - 3t 4 + 10t 3 - 56t 2 + 432t - 4224, 

Example 3.3. Let the sequence of finite cobweb posets {P n }n>o be designated by 
the sequence {F n } n >o such that F\ = 1 and F n = k for n > 1 and for some fc > 1. 
The examples of corresponding characteristic polynomials are: 

Xo(t) = 1, 

Xi(*)=t-*, 

X 2 (t) = t 2 - kt + k{k-l), 

Xa (t) = t 3 ~ kt 2 + k(k - l)t - fc(fc - l) 2 , 

X i{t) = t 4 - fct 3 + k(k - l)t 2 - k(k - l) 2 t + fe(fc - l) 3 . 

In general one has 

Xn(t) = t n - kf 1 - 1 + k(k - l)t n - 2 + ... + (-l) n k(k - l) n ~\ n>l. 
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